The Frantz-Nodvik model was extended to propagate pulse through a double-pass laser amplifier and to study beam-interaction effects on the output-energy fluence and gain factor according to the distance between two beams. We also obtained the necessary approximation equations for the saturation state and small input pulse. The results show that minimum output energy and gain occur when two beams completely coincide. The comparison between numerical, analytical, and empirical results demonstrates a good correspondence.
Introduction
Increasing efficiency and decreasing amplifier levels are of great significance particularly in laser-joint systems, and an appropriate analytical model can successfully be used to optimize the design of such optical structures. In practice, double-or multi-pass amplifiers functionally amplify extremely low-and high-energy pulses [1] [2] [3] . Most analytical models that have been proposed for optical amplifiers are based on the Frantz-Nodvik theory [4] . In this model, only by assuming that the gain factor depends on the direction of laser beam propagation through the amplifying medium, the relationship between input-and output-energy fluxes is obtained according to the initial gain factor and saturation-energy flux. Modifying the gain factor, this model is used again for the second pass [5] . By providing a simple analysis and assuming that the initial distribution of gain is uniform throughout the active medium, the Frantz-Nodvik model leads to very good results for explaining the amplifier's behavior. When the laser pulse width (t p ) is much larger than the time necessary for the optical pulse to pass through the amplifier (τ) and the gain slightly changes during pulse pass due to pumping and under-drop mechanisms, the Frantz-Nodvik model that is independent of input pulse's temporal behavior and the laser active medium's type is valid and employed [6] [7] [8] [9] . When the gain distribution is not uniform due to the amplifier's non-uniform pumping or the radial dependence of the distribution of input intensity, a special accuracy is required to employ the Frantz-Nodvik model [10] [11] [12] [13] . In such instance, by assuming that the gain spatial distribution is known before the optical pulse enters the amplifier, the one pass version of this model can be used for every point inside the amplifier. The transverse distribution of output-beam intensity can be obtained by iterating this model. For consecutive passes and the assumption that t p ≫ τ, the optical gain of each beam is affected by its neighboring beams' intensity. In this case, except for a special state in which the beams' propagation directions coincide [14] , there is not any appropriate analytical model to describe how the output-energy flux depends on the distance between beams' propagation directions [15] [16] [17] [18] [19] [20] . The only existing model of multi-pass amplifiers provides necessary calculations just by qualitative and approximate considerations concerning beams overlapping and regardless of passing beams' spatial position [21] . Hence, for appropriate initial and boundary conditions on the amplifier's input and output surfaces, the mass contrast and photon flux of each beam can be obtained only through numerically solving the position-dependent rate equations [22] [23] [24] [25] .
In this paper, for the first time, after solving the rate equations for a double-pass amplifier, we obtain the analytical solutions for the dependence of input-energy fluence on the radial-position-dependent optical gain and transmission factor between the first pass and second pass, and the fluence of output energy to gain for the known directions of input and output beams. The obtained results are consistent with the numerical and empirical results.
Position-dependent rate equations for double-pass amplifiers
When the input beam's temporal width is small enough compared with the upper level's lifetime and active medium's pumping time, the following simplified rate equations can be used to obtain the mass contrast between the active medium's upper and down levels (N(r,z,t)) and the photon density of first and second passes (Φ 1 (r,z,t) and Φ 2 (r,z,t)) [10] ∂ ∂t
In addition to radial position (r), the mass contrast and photon density are a function of spatial position along the beam propagation direction (z) and time (t). Eqs. (1) and (2) show the transport of photons along z in which Φ 1 and Φ 2 respectively propagate along the positive and negative directions of z and in the distance r 1 and r 2 from z. The parameter c denotes the propagation speed of the laser field into the active medium and σ represents the induced-emission cross section.
Solving rate equations
By removing the nonlinear terms in Eqs. (1)- (3), and integrating them over the amplifier length from z = 0 to z = L, we obtain
First, we divide both sides of (4) by the input-photon density at r = r 1 , or Φ 1 (r 1 ,0,t)
According to (6) and (7), the small-signal gain, G(r,t), is dependent on the photon density and mass contrast between the active medium's energy levels
The beam-transfer function (ψ), which connects the first-pass output beam to the second-pass input beam by assuming that the laser pulse's temporal behavior does not or slightly changes from the first exit to second entry (this assumption is often appropriate), is a function of the transmission of parts after the amplifier (T) and beams' radial position
The radial dependence of the photon density in the first and second passes are shown by f 1 (r,z) and f 2 (r,z), respectively
By inserting (6), (8) , and (9) into (5), we get
The saturation-energy fluence, J S , is defined as
wherehω represents the laser-transition photon energy. By inputting (12) to (11), the equation required to connect the input-photon density, gain factor, and beam-transfer function is obtained
Now, both sides of (4) is divided by Φ 2 (r 2 ,0,t). Similarly to the calculations led to (13) , and using G(r,t), ψ(r,T), and (10), we get the equation below for the output-photon density
The fluence of input and output energies can be achieved by integrating the photon density at z = 0
When the period of time each beam passes the active medium is much shorter than the laser pulse width, which is usually for laser pulses with temporal width of the order of 10 −8 s or more, we can neglect the temporal dependence of G and consider the gain to be only a function of position asG(r). This assumption will be applied to all the calculations of the sections 3.1, 3.2, and 4.
Propagating beams along one direction for two passes
In the special state, beams' directions coincide (r=r 1 =r 2 ); consequently, G(r)=G 1 (r,r 1 )= G 2 (r,r 2 ). Because (1), (2) , and (3) do not contain derivative with respect to r and considering u(r,t) = ∫ L 0 N(r,z,t)σdz, we can use the equation below for each r. The effect of radial position r on the gain is inserted into the calculations by the function ψ
The integration of (13) and (14) is possible using (7), (15), and (16) . The following equations give the relationship between J in and J out for every known value of r through the parameter G (19) where G 0 is the initial gain of small signal in the active medium, which is constant and dependent of position. By dividing (19) by (18), we get the relationship between the input fluence and output fluence
By combining (18) and (19), we can make them similar to the Frantz-Nodvik classical equation as far as possible
For the special case ψ = 1 and the uniform distribution of input-photon fluence, in which all the output beam returns to the amplifier for the second pass without any change, (21) is reduced to (22) for the double-pass amplifier at the limit state r 1 = r 2 for T = 1 [10] e 2J out Js
There is another special case at ψ = 0 in which the first-pass output beam does not return to the amplifier anymore. In other words, the transmission is zero between the two passes, T = 0. In this state, (21) gives J out = 0, which is correct.
Propagating beams along two different directions
When two beams' directions do not coincide, the Frantz-Nodvik theory leads to an appropriate approximation for the gain during each pass (r = r 1 , r = r 2 ), which can be used for G 1 and G 2 in order to integrate (13) and (14) [4]
where J in2 (r 2 ) denotes the fluence of the second-pass input energy
Therefore, (13) and (14) bring about (26) and (27) 
The integration of (26) and (27) is simply done
Combining (28) and (29) and removing G(r), the relationship between the inputenergy and output-energy fluences can be obtained for a double-pass amplifier
Eqs. (30), (23), (24), and (25) show the double-pass amplifier's behavior in the framework of single-pass amplifier model and according to the radial situation, which is called the generalized analytical model of double-pass amplifiers. Now, we investigate (30) in special states. If the input-energy fluence is much lower than the saturation-energy flux (J in ≪ J s ), the approximation G 1 ≈ G 2 ≈ G 0 is very appropriate and will be substituted for (23) and (24) . In this instance, (30) is simplified further as
Beam-transfer function
The uniform intensity distribution and Gaussian intensity distribution are the most important items we usually deal with in practice. Hence, we study the function ψ in the following two states.
Input beam with uniform intensity distribution
For the uniform intensity distribution, the photon density at z = 0 is given by
where f (t) represents the temporal changes in input intensity, Φ 0 is constant, and 2a 1 is the input beam diameter. By assuming that the pulse's temporal behavior does not change after passing the amplifier, there is a similar expression for the second-pass input beam
Considering (8) 
Input beam with Gaussian intensity distribution
For the Gaussian intensity distribution with the spot size of w 1 , the input-photon density is given by
Also, the second-pass input-photon density is defined as
Accordingly, the function ψ is achieved by considering (8) When |r 2 −r 1 |≤(w 1 +w 2 )/2 and the beams' directions do not coincide, non-uniform spatial changes in the gain distort the spatial distribution of intensity for the second-pass beam. This impact is evident in Figs. 1 and 2 for r 2 /D = 0.4. We define the relative error due to applying (31) and (32) in two special states J in ≪ J s and J in ≫ J s for a Gaussian input beam respectively as
Figs. 3 and 4 provide the error-calculation results for five different values of r 2 /D. The diagrams indicate that the error due to the simplified model (32) varies between −20 and −50% for the output fluence E ss and J ino /J s = 0.1. As the input fluence rises and exceeds the saturation state, the approximation (31) becomes invalid and an error more than ±50% is observed in the results. Eq. (32) is only valid in the complete saturation state of the active medium's gain. The diagrams of Fig. 4 demonstrate that only when the gain is completely saturated in the first and second passes, (32) leads to acceptable results. This state occurs when the passing beams' directions are very close to each other: When the beams' directions coincide, there is an exact analytical solution (22) to the problem and it can be compared with the results of (30) to study the dependence of the output fluence on input fluence for a double-pass amplifier. Furthermore, for this special state, the results of Frantz-Nodvik model with two separate passes and the gain factor correction [5] can be studied and compared with other methods'. In this calculation the factor of transmission between two passes is equal to one (T = 1), and three different values of gain factor (0.05 cm −1 , 0.272 cm −1 , and 1 cm −1 ) have been used to study the results' gain dependence. It can be shown that a small difference about 5% for the average and large values of gain and (J in /J s ) ≤ 1, and this error is negligible for the small values of gain and (J in /J s ) ≥ 1, which suggests that (30) is correct.
Comparing analytical results with empirical observations
To confirm the calculated equations in the section 3.2, the output energy of a double-pass Nd:YAG amplifier with effective length of 80 mm was measured according to the distance between passing beams. The single-pass gain G 0 was separately calculated by measuring the input and output fluences and using the Frantz-Nodvik model. The single-pass gain was obtained 0.1589cm −1 , 0.2181cm −1 , and 0.2719cm −1 for the pumping energy values of 50, 72, and 98 J respectively. In these calculations, the input beam diameter is 3 mm and the amplifying probe diameter is 9 mm.
Employing (23) and (24), for each value of pumping energy, the first-pass and secondpass gains (G 1 (r 1 ) and G 2 (r 2 )) and the output fluence (J out (r,r 1 ,r 2 )) were calculated from (30) for a double-pass amplifier. By integrating J out with respect to r, the double-pass amplifier's output energy, E out (r 1 ,r 2 ), is obtained according to the center of two passing beams r 1 where D represents the amplifying medium diameter. Eq. (30) is studied with the calculation of output energy according to the distance between the passing beams' centers for J in ≪ J s and J in ≥ J s (Eqs. (31) and (32) respectively for 72 J and 98 J). It is observed that when the distance between beams' directions is more than half the beams' total spot size, the analytical results are completely consistent with the empirical results. In all the states, the input-beam energy is 19.5 mJ and the beam diameter is 2.5 mm. As the beams' directions approach each other, the model largely follows observed empirical behavior and gives smaller values of output energy at 10-20% for propagating two beams along one direction. Table 1 provides a comparison between the thermal and optical properties of Nd:YV O 4 , Nd : YAG, and Nd : YLF. Table 2 makes a comparison between the small-signal gain and saturation intensity of them.
The beam profile in the focal region of a beam from a typical multimode fiber looks similar to the solid line in Fig. 5 . ln(G 0,T ) versus signal-pump overlap ratio w l /w p . Fig. 7 in fact provides gain variation versus input-signal power.
Conclusions
The model we devised here is an extension of Frantz-Nodvik model for double-pass optical amplifiers, which can be used to design optical-joint systems with double-and multi-pass amplifiers and to optimize their efficiency. Without need for the numerical solution to partial rate equations of mass contrast and photon density, this model can be used to optimize double-pass amplifiers and multipass amplifiers (whose gain is completely dependent on the distance between beams) through iterating. Despite the assumptions that the optical pulse's temporal behavior does not change after it passes the amplifier, the passing time is much shorter than the input-pulse temporal width, and the transverse distribution of the first-pass beam's intensity is not distorted in spite of beam-interaction effects on optical gain, this model leads to appropriate and acceptable results. The calculation results indicate that the output energy and efficiency of a double-pass amplifier reach their minimum when the two passing beams' directions coincide. As beams move away each other, the interaction between beams declines. In practice, the maximum efficiency is obtained when the distance between beams' centers exceeds the sum of passing beams' spot size. These considerations along with empirical observations and the comparison of results confirm this model's effectiveness.
where m represents electronic mass, e electronic charge, c speed-of-light constant, n medium refractive index, and N denotes ion concentration.
